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ON A CERTAIN PROBLEM CONCERNING THE POLYHARMONIC POLYNOMIALS
In the paper ([l] , p.86) B.Bondarenko proved that there exists exactly (D h(n,s,p) = (»«•) " ( n+8 ; 2P )
linearly independent homogeneous p-harraonio polynomials of s+1 variables, of degree n. The proof of this assertion is rather complicated. In the present paper we give a simplified form of the proof.
_2. First we shall introduce some notations. Let X = (x Qt ,..,x g ) and let
Further, let (2) H ± n (X) f i = 1,..,,h(n,s,1) denote the system of homogeneous linearly independent 1-harmonic polynomials of degree n, of s+1 independent variables. By [l] the system (2) is unique. (3) A(r m V n (X)) = m(n+s+m-1 Jr® -2 V n (X).
We omit the simple proof.
3. Applying Lemmas 1,2 we shall prove the following theorem.
Theorem
1.
There exist exactly
linearly independent homogeneous p-harmonic polynomials of degree n, of s+1 variables. Proof. Let us consider the system (3.,)
where Hj n^( X), i = 1,2,...,h(n,s,1), are 1-harmonio homogeneous linearly independent polynomials of degree n, of s+1 variables. We also consider the system
where Hj* 1 " 2^) , i = 1,2,... ,h(n-2,s,1), are 1-harmonio homogeneous linearly independent polynomials of dearee n-2 and s+1 variables, and finally the system (3 p ) W^'P^X) = r 2 P-2 H| n " 2 P +2, (X), i=1,... ,h(n-2p+2,s f 1 ), where H [ n~2p+21 (X), i = 1,2,...,h(n-2p+2,s,1) are 1-harmonic homogeneous linearly independent polynomials of degree n-2p+2 and s+1 variables.
The number of all polynomials of tho systems (3^, i = 1,2,...,p is given as follows (4) h(n,s,1) + h(n-2,s,1) + ... + h(n-2p+2,s,1) = h(n,s,p). Now it is sufficient to prove that the polynomials of the systems (3^), i = 1,2,...,p are linearly independent. In order to prove this assertion let us consider the polynomial
where h(n,s,1)
h{n-2p+2,s,1)
By Lemma 2 and (3 i ) we obtain 
